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EQUIVALENCE OF HEARTS OF TWIN COTORSION PAIRS ON
TRIANGULATED CATEGORIES
HIROYUKI NAKAOKA
Abstract. In this article, we investigate the condition for the hearts of twin
cotorsion pairs to be equivalent, compatibly with the associated functors. This
is related to the vanishing of components of pairs through the associated func-
tors.
1. Introduction
A cotorsion pair (U ,V), essentially equal to the notion of a torsion pair ([IY]) on
a triangulated category C, is a unifying notion of t-structure ([BBD]) and cluster
tilting subcategory ([KR], [KZ]). Generalizing the case of t-structures and clus-
ter tilting subcategories, a sequence of additive full subcategories W ⊆ H ⊆ C
is associated to any cotorsion pair, which gives an abelian category H/W and a
cohomological functor H : C → H/W ([N1], [AN]). We call H/W the heart of
(U ,V).
In a work by Buan and Marsh ([BM]), a generalization of ([KZ]) has been given.
From a rigid object in a triangulated category which is Krull-Schmidt k-linear Hom-
finite over a field k equipped with a Serre functor, an integral preabelian category
is constructed as an ideal quotient there. This can be regarded as a heart of a pair
of cotorsion pairs as in [N2]. We call a pair of cotorsion pairs P = ((S, T ), (U ,V)) a
twin cotorsion pair if it satisfies Ext1(S,V) = 0 ([N2]). In fact, in the same manner
as for the single cotorsion pair, a sequence of additive full subcategoriesW ⊆ H ⊆ C
is associated to any twin cotorsion pair, and it gives a preabelian category H/W
called heart and an additive functor H : C → H/W .
Recently, Marsh and Palu ([MP]) have established an equivalence of ideal quo-
tients associated to rigid objects related by a mutation. In this article, to interpret
this as an equivalence of hearts, we investigate a condition for the hearts to be
equivalent. Equivalences which we consider are the natural ones, namely, those
compatible with associated functors as follows.
Definition (Definition 3.2) . Let C and C′ be triangulated categories. Let P =
((S, T ), (U ,V)) and P ′ = ((S ′, T ′), (U ′,V ′)) be twin cotorsion pairs on C and C′,
respectively. Let F : C
≃
−→ C′ be a triangle equivalence. P is said to be heart-
equivalent to P ′ along F if there exists an equivalence of categories E : H/W
≃
−→
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H′/W ′ which makes the following diagram commutative up to a natural isomor-
phism.
C C′
H/W H′/W ′
F
≃
//
H

H′

E
≃ //

With this terminology, the problem we consider in this article is stated as follows.
Problem (Problem 3.4) . Let C, C′,P ,P ′ and F be as above. Under which condi-
tion, does the following (I) and (II) become equivalent?
(I) P is heart-equivalent to P ′ along F .
(II) The following conditions are satisfied.
(i) H ′F (U) = H ′F (T ) = 0.
(ii) HF−1(U ′) = HF−1(T ′) = 0.
It can be easily confirmed that (I) always implies (II). Thus our goal is to find a
condition, with which (II) implies (I). In our main theorem, this is given as follows.
Theorem (Theorem 5.6) . In the above situation, if the conditions
(B) F (S) ⊆ S ′ ∗ V ′[1], F (V) ⊆ S ′[−1] ∗ V ′,
(C) F−1(S ′) ⊆ S ∗ V [1], F−1(V ′) ⊆ S[−1] ∗ V ,
are satisfied, then the above (I) and (II) become equivalent.
In section 2, we review the definitions and results used in this article, mainly
from [N2]. In section 3, we reduce the problem to a manageable, equivalent one. In
section 4 we introduce what happens in the case of single cotorsion pairs. Following
the argument by Zhou and Zhu ([ZZ]), conditions (I) and (II) are shown to be
equivalent in this case, without any extra assumption. In section 5, for general
twin cotorsion pairs, we give a sufficient condition for (II) to imply (I). In section
6, we demonstrate how this condition can be applied to the equivalence given in
[MP].
We also would like to remark that hearts of twin cotorsion pairs on exact cate-
gories and their equivalences have been studied by Liu in [L1] and [L2].
For any category K, we write abbreviately X ∈ K, to indicate X is an object
of K. For any X,Y ∈ K, let K(X,Y ) denote the set of morphisms from X to Y .
If K is additive, then for a subcategory M ⊆ K, we define its right perpendicular
category M⊥ to be the full subcategory of K consisting of those X ∈ K satisfying
K(M, X) = 0. Dually, ⊥M denotes the full subcategory of those X satisfying
K(X,M) = 0. If I ⊆ K is a full additive subcategory, then K/I is defined to
be the ideal quotient of K by I. Namely, K/I is an additive category defined as
follows.
- Objects in K/I are the same as those in K.
- For any X,Y ∈ K, the morphism set is defined by
(K/I)(X,Y ) = K(X,Y )/{f ∈ K(X,Y ) | f factors through some I ∈ I}.
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2. Review of Definitions and results
Throughout this article, C denotes a triangulated category with suspension func-
tor [1].
Definition 2.1. Let U ,V ⊆ C be a full subcategories closed under isomorphisms,
finite direct sums and summands. The pair (U ,V) is a cotorsion pair on C if it
satisfies the following.
(i) C = U ∗ V [1].
(ii) Ext1(U ,V) = 0, where Ext1(X,Y ) = C(X,Y [1]) for any X,Y ∈ C.
Here, U ∗V [1] denotes the full subcategory of C consisting of those C ∈ C admitting
a distinguished triangle
U → C → V [1]→ U [1]
with U ∈ U and V ∈ V .
Definition 2.2. Let (S, T ), (U ,V) be two cotorsion pairs on C. The pair P =
((S, T ), (U ,V)) is a twin cotorsion pair on C if it satisfies Ext1(S,V) = 0. Note
that this condition is equivalent to S ⊆ U , and also to V ⊆ T .
Remark that a cotorsion pair (U ,V) on C can always be regarded as a twin
cotorsion pair ((U ,V), (U ,V)). This is regarded as a degenerated case of a twin
cotorsion pair, as follows.
Definition 2.3. A twin cotorsion pair P = ((S, T ), (U ,V)) is said to be degenerated
to a single cotorsion pair if it satisfies
S = U and T = V .
Definition 2.4. For a twin cotorsion pair P = ((S, T ), (U ,V)) on C, put
W = U ∩ T ,
C+ =W ∗ V [1], C− = S[−1] ∗W ,
H = C+ ∩ C−.
We call the ideal quotient H/W the heart of P . Remark that there are inclusions
of full subcategories
H/W
C+/W
C−/W
C/W
*


77♦♦♦♦
 t
''❖❖
❖❖
 t
''❖❖
❖❖
*


77♦♦♦♦
 .
For any morphism f : A → B in C, its image under the quotient functor C
quot.
−→
C/W is denoted by f : A→ B.
Lemma 2.5. U ⊆ C− and T ⊆ C+ holds.
Lemma 2.6. H ∩ (U ∗ T ) =W holds.
Proof. These are confirmed easily. 
Fact 2.7. (Corollary 3.8, 3.9 in [N2].)
(1) Inclusion C+/W →֒ C/W has a left adjoint τ+ : C/W → C+/W .
(2) Inclusion C−/W →֒ C/W has a right adjoint τ− : C/W → C−/W .
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Definition 2.8. Let C ∈ C be any object.
(1) A diagram
(2.1) S[−1] C ZC S
U

// zC // //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎☎
is called a reflection triangle if it satisfies the following.
(i) S ∈ S, U ∈ U .
(ii) S[−1]→ C
zC−→ ZC → S is a distinguished triangle in C.
(iii) ZC ∈ C
+.
(2) Dually, a diagram
(2.2) V KC C V [1]
T

// kC // //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎☎
is called a coreflection triangle if it satisfies the following.
(i) V ∈ V , T ∈ T .
(ii) V → KC
kC−→ C → V [1] is a distinguished triangle in C.
(iii) KC ∈ C
−.
Fact 2.9. (Corollary 3.8 in [N2].) For any reflection triangle (2.1), there exists a
unique morphism ζ ∈ (C/W)(τ+(C), ZC) which is compatible with the adjunction
C → τ+(C) as follows.
C ZC
τ+(C)
z
C //
adjunction
✻
✻✻
✻✻
✻✻
ζ
✟✟
✟✟
✟✟
✟

This ζ is an isomorphism in C/W .
Dually for coreflection triangles.
Remark 2.10. (Definition 3.4 in [N2].) For any C ∈ C, a reflection triangle always
exists. Indeed, by the condition C = S ∗T [1] = U ∗V [1] and the octahedron axiom,
we can draw a diagram
SC [−1]
UC
TC
C
ZC
VC [1]



✦
✦✦
✦✦
✦✦
✧
✧✧
✧✧
✧✧
❀
❀❀
❀❀
❀❀
33❤❤❤
zC 
✿✿
44✐✐✐✐✐✐✐✐✐
<<①①①①①①①
>>⑤⑤⑤⑤⑤⑤⑤⑤
satisfying SC ∈ S, UC ∈ U , VC ∈ V , TC ∈ T , in which
SC [−1]→ C → ZC → SC , SC [−1]→ UC → TC → SC ,
UC → C → VC [1]→ UC [1], TC → ZC → VC [1]→ TC [1]
EQUIVALENCE OF HEARTS OF TWIN COTORSION PAIRS 5
are distinguished triangles. Since TC ∈ T ∩ (U ∗ S) =W , it follows ZC ∈ C
+.
Dually for the existence of coreflection triangles.
Reflection triangles are “functorial” in the following sense.
Remark 2.11. Let A,B ∈ C be any object, and let
(2.3) SA[−1] A ZA SA
UA

// zA // //
✿
✿✿
✿✿
BB☎☎☎☎☎☎
(2.4) SB[−1] B ZB SB
UB

// zB // //
✿
✿✿
✿✿
BB☎☎☎☎☎☎
be reflection triangles. For any morphism f ∈ C(A,B), there exists a morphism of
diagrams from (2.3) to (2.4) as
SA[−1] A ZA SA
UA
SB[−1] B ZB SB
UB
// zA // //
==⑤⑤⑤⑤ ❄
❄❄
❄

f

g
 
//
zB
// //
!!❇
❇❇❇
??⑧⑧⑧⑧
  


In fact, if we take a distinguished triangle
W → ZA → V [1]→W [1] (W ∈ W , V ∈ V),
then in the diagram
SA[−1]
A
B
ZBW V [1]
UA

f 
zB 
// f //
❄
❄❄
❄❄
❄
⑧⑧
⑧⑧
⑧⑧
 ,
the equality C(UA, V [1]) = 0 implies that the composed morphism SA[−1] → ZB
factors through W , and thus should be the zero morphism, by C(SA[−1],W ) = 0.
Also remark that g ∈ (C+/W)(ZA, ZB) with the commutativity g ◦ zA = zB ◦ f
is unique by the adjoint property.
Dually for coreflection triangles.
Remark 2.12. (Lemmas 3.10, 3.11 in [N2].) For any C ∈ C, the following holds.
(1) τ+(C) = 0 ⇔ C ∈ U .
(2) τ−(C) = 0 ⇔ C ∈ T .
Fact 2.13. (Lemmas 2.12, 2.13 in [N2].)
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(1) If U [−1]→ A→ B → U is a distinguished triangle satisfying U ∈ U , then
A ∈ C− ⇒ B ∈ C−.
(2) If S[−1]→ A→ B → S is a distinguished triangle satisfying S ∈ S, then
A ∈ C− ⇔ B ∈ C−.
(3) If T → A→ B → T [1] is a distinguished triangle satisfying T ∈ T , then
B ∈ C+ ⇒ A ∈ C+.
(4) If V → A→ B → V [1] is a distinguished triangle satisfying V ∈ V , then
B ∈ C+ ⇔ A ∈ C+.
Proposition 2.14. For the compositions of functors
τ+τ− :=
(
C/W
τ−
−→ C−/W →֒ C/W
τ+
−→ C+/W →֒ C/W
)
,
τ−τ+ :=
(
C/W
τ+
−→ C+/W →֒ C/W
τ−
−→ C−/W →֒ C/W
)
,
there exists a natural isomorphism τ+τ− ∼= τ−τ+.
Proof. For any C ∈ C, take a reflection triangle (2.1) and a coreflection triangle
(2.2). The equalities C(SC [−1], TC) = 0 and C(UC , VC [1]) = 0 give morphisms
ZC → TC and UC → KC , which make
VC [1]
ZC
C
KC
SC [−1]
UC TC

 
..❭❭❭❭❭❭❭❭❭❭❭
##●
●●
●●
●●
zC ==⑤⑤⑤⑤
kC
!!❇
❇❇
❇
;;✇✇✇✇✇✇✇
00❜❜❜❜❜❜❜❜❜❜❜
\\✾✾✾✾
<<①①①①①① ""❋
❋❋
❋❋
❋
✆✆
✆✆
commutative. Then the composed morphisms SC [−1] → KC and ZC → VC [1]
make the following diagram commutative.
VC [1]
ZC
C
KC
SC [−1]
UC TC

 
✹
✹✹
✹✹
✹✹
✹
&&▲▲
▲▲▲
▲▲▲
zC
;;✇✇
kC
##●●
88rrrrrrrr
EE✡✡✡✡✡✡✡✡
[[✽✽✽
66♠♠♠♠♠♠♠ ((◗◗
◗◗◗
◗◗◗
✝✝
✝
If we complete SC [−1] → KC into a distinguished triangle SC [−1] → KC →
Q→ SC , then by the octahedron axiom, we obtain a diagram
VC [1]
ZC
Q
C
KC
SC [−1]


✹
✹✹
✹✹
✹✹
✹
✹
✹✹
✹✹
&&▲▲
▲▲▲
▲▲▲
zC
;;✇✇
kC
##●●
88rrrrrrrr
DD✡✡✡✡✡
EE✡✡✡✡✡✡✡✡
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in which
SC [−1]→ KC → Q→ SC , SC [−1]→ C → ZC → SC ,
KC → C → VC [1]→ KC [1], Q→ ZC → VC [1]→ Q[1]
are distinguished triangles. By Fact 2.13,
- ZC ∈ C
+ implies Q ∈ C+,
- KC ∈ C
− implies Q ∈ C−.
Thus we have Q ∈ H, and
SC [−1] KC Q SC
UC

// // //
✿
✿✿
✿✿ BB☎☎☎☎☎☎
VC Q ZC VC [1]
TC

// // //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎
are reflection and coreflection triangles, respectively. This implies τ+(KC) ∼= Q ∼=
τ−(ZC). 
Corollary 2.15. τ+(C−/W) ⊆ H/W and τ−(C+/W) ⊆ H/W hold.
Definition 2.16. Define functors h and H to be the compositions
h = τ+τ− =
(
C/W
τ−
−→ C−/W
τ+
−→ H/W
)
,
H =
(
C
quot.
−→ C/W
h
−→ H/W
)
.
Also, let ι be the inclusion functor
ι : H/W →֒ C/W .
We have a natural isomorphism h ◦ ι ∼= IdH/W .
Proposition 2.17. For any C ∈ C, the following are equivalent.
(1) H(C) = 0.
(2) τ−(C) ∈ U/W.
(3) τ+(C) ∈ T /W.
Proof. This follows from Remark 2.12. 
Proposition 2.18. H(U ∗ T ) = 0 holds. Thus H factors through C
quot.
−→ C/U ∗ T
as follows.
C
C/U ∗ T H/W
quot.


✔✔
✔✔
✔ H
##●
●●
●●
●●
●
//

In particular we have H(U) = H(T ) = 0.
8 HIROYUKI NAKAOKA
Proof. Let U → C → T → U [1] be any distinguished triangle satisfying U ∈ U and
T ∈ T . If we decompose T into a distinguished triangle
VT → UT → T → VT [1] (UT ∈ U , VT ∈ V),
then by the octahedron axiom, we obtain a diagram
U L UT
C
T
VT [1]



..❪❪❪❪❪❪❪❪❪❪ ..❪❪❪❪❪❪❪
$$❏
❏❏
❏❏
❏❏
❏❏
✘✘
✘✘
&&▼▼
▼
✘✘
✘✘
✘✘
✘✘
✞✞
✞✞
✞✞
✞
✄✄
✄✄
✄✄
✄
in which
U → L→ UT → U [1], U → C → T → U [1],
L→ C → VT [1]→ L[1], UT → T → VT [1]→ UT [1]
are distinguished triangles. Since U,UT ∈ U implies L ∈ U ⊆ C
−, this gives a
coreflection triangle
VT L C VT [1]
T

// // //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎☎
which yields τ−(C) ∼= L ∈ U/W , and thus H(C) = 0. 
3. Problem setting
Let C′ be another triangulated category, and let P ′ = ((S ′, T ′), (U ′, T ′)) be a
twin cotorsion pair on C′.
Notation 3.1. We denote the associated categories as
W ′ = U ′ ∩ T ′,
C′+ =W ′ ∗ V ′[1], C′− = S ′[−1] ∗W ′,
H′ = C′+ ∩ C′−,
and functors as
h′ = τ ′+τ ′− : C′/W ′ → H′/W ′,
H ′ =
(
C′
quot.
−→ C′/W ′
h′
−→ H′/W ′
)
,
ι′ : H′/W ′ →֒ C′/W ′.
Definition 3.2. Let C, C′ and P ,P ′ be as above, and let F : C
≃
−→ C′ be a trian-
gle equivalence. P is said to be heart-equivalent to P ′ along F if there exists an
equivalence of categories E : H/W
≃
−→ H′/W ′ which makes the following diagram
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commutative up to a natural isomorphism.
(3.1)
C C′
H/W H′/W ′
F
≃
//
H

H′

E
≃ //

Remark that this notion of a heart-equivalence is an equivalence relation, in an
obvious sense.
Proposition 3.3. Let C, C′,P ,P ′ and F be as above. Then the following (I) implies
(II).
(I) P is heart-equivalent to P ′ along F .
(II) The following conditions are satisfied.
(i) H ′F (U) = H ′F (T ) = 0.
(ii) HF−1(U ′) = HF−1(T ′) = 0.
Proof. This immediately follows from H(U) = H(T ) = 0 and H ′(U ′) = H ′(T ′) =
0. 
The following is our problem in this article.
Problem 3.4. Conversely, does (I) follow from (II) with some extra conditions?
We are going to reduce this problem to a more manageable one (Problem 3.8).
First, remark that this is reduced to the case F = Id.
Remark 3.5. Let F : C
≃
−→ C′ be a triangle equivalence, and let P = ((S, T ), (U ,V))
be a twin cotorsion pair on C. If we put F (P) = ((F (S), F (T )), (F (U), F (V))), then
the following holds.
(1) F (P) is a twin cotorsion pair on C′.
(2) P is heart-equivalent to F (P) along F .
Thus, replacing P by F (P), we may assume C = C′ and F = IdC from the first.
From this we may assume F = IdC , and P
′ is a twin cotorsion pair on C. We
will keep using Notation 3.1 also in this case. For example, H ′ denotes a functor
H ′ : C → H′/W ′.
Second, note that the candidate for E in (3.1) is unique up to natural transfor-
mations.
Remark 3.6. Let P = ((S, T ), (U ,V)) and P ′ = ((S ′, T ′), (U ′,V ′)) be twin cotorsion
pairs on C. Assume that the condition
H ′(W) = 0
is satisfied. Then the following holds by the commutativity of the following dia-
grams.
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H
C
H/W H′/W ′
 w
**❯❯❯
❯❯❯❯
quot.

H
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
H′
❄
❄❄
❄❄
❄❄
❄❄
E
//


,
H
C
H/W C/W H′/W ′
 w
**❯❯❯
❯❯❯❯
quot.

quot.

H′
❄
❄❄
❄❄
❄❄
❄❄
ι
//
H
′
//


.
(1) H ′ induces a functor H
′
: C/W → H′/W ′ which makes the following dia-
gram commutative up to a natural isomorphism.
C
C/W H′/W ′
quot.


✔✔
✔✔
✔ H′
##●
●●
●●
●●
●
H
′
//

(2) If a functor E : H/W → H′/W ′ makes the diagram
C
H/W H′/W ′
H
☎☎
☎☎
☎☎ H′
✿
✿✿
✿✿
✿
E
//

commutative up to a natural isomorphism, then there exists a natural iso-
morphism
E ∼= H
′
◦ ι,
where ι : H/W →֒ C/W is the inclusion.
Thus, under the conditions H ′(W) = 0 and H(W ′) = 0 (remark that condition
(II) in Problem 3.4 implies these conditions), we may restrict our attention to the
functors
E = H
′
◦ ι : H/W → H′/W ′ and E′ = H ◦ ι′ : H′/W ′ → H/W ,
and it is enough to find a condition which induces
(a) E ◦H ∼= H ′, E′ ◦H ′ ∼= H ,
(b) E ◦ E′ ∼= Id, E′ ◦E ∼= Id.
However, (b) follows from (a), as follows.
Lemma 3.7. Let P and P ′ be twin cotorsion pairs on C, and assume that H ′(W) =
0 and H(W ′) = 0 are satisfied. Let H
′
: C/W → H′/W ′ and H : C/W ′ → H/W be
the unique functors induced from H ′ and H respectively, as in Remark 3.6. Put
E = H
′
◦ ι : H/W → H′/W ′,
E′ = H ◦ ι′ : H′/W ′ → H/W .
If E and E′ satisfy (a), then they also satisfy (b).
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Proof. E′ ◦ E ∼= Id follows from the commutativity of the following diagram up to
natural isomorphisms.
H
H/W
C
C/W
H′/W ′
H/W





quot.

p
!!❈
❈❈
❈❈
❈❈
❈❈
❈❈
quot.
++❱❱❱❱
❱❱❱❱
❱❱❱❱
❱❱❱❱
❱❱❱❱
❱❱❱❱
❱❱❱❱
❱❱
ι
88qqqqqq
E
//
quot.

H′
✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷
H //
H
′ ''❖❖
❖❖❖
❖❖
E′
FF☞☞☞☞☞☞☞☞☞☞☞☞☞☞☞☞☞☞☞
Similarly for E ◦ E′ ∼= Id. 
By Remarks 3.5, 3.6 and Lemma 3.7, Problem 3.4 has been reduced to the
following.
Problem 3.8. Let P = ((S, T ), (U ,V)) and P ′ = ((S ′, T ′), (U ′,V ′)) be twin cotor-
sion pairs on C. Suppose that the condition
H ′(U) = H ′(T ) = 0
is satisfied. Let H
′
: C/W → H′/W ′ be the functor induced from H ′, and put
E = H
′
◦ ι. With some extra condition, does there exist a natural isomorphism
E ◦H ∼= H ′?
4. Degenerated case
Consider the case each of P and P ′ is degenerated to a single cotorsion pair. In
this case, it requires no extra condition. This is essentially due to [ZZ] (see also
[L2]).
Remark 4.1. If P is degenerated, then its heart H/W becomes an abelian category
([N1]), and the functor H : C → H/W becomes cohomological ([AN]).
Proposition 4.2. Let (U ,V) and (U ′,V ′) be cotorsion pairs on C. Suppose that
the condition
H ′(U) = H ′(V) = 0
is satisfied. Let H
′
: C/W → H′/W ′ be the functor induced from H, and put E =
H
′
◦ ι. Then, E ◦H ∼= H ′ holds.
Proof. For each object A ∈ C, choose a reflection triangle (2.3), and a coreflection
triangle
VA KA A VA[1]
TA

// kA // //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎
.
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By Remark 2.11, for any morphism f ∈ C(A,B), we obtain a morphism of diagrams
VA[1]AKAVA
TA
VB [1]BKBVB
TB
//kA ////
!!❇
❇❇❇??⑧⑧⑧⑧

f

g

//
kB
////
==⑤⑤⑤⑤❄
❄❄
❄




and
SKA [−1] KA ZKA SKA
UKA
SKB [−1] KB ZKB SKB
UKB
//
zKA // //
<<②②②② !!❇
❇❇❇

g

h
 
//
zKB
// //
""❊
❊❊❊
==⑤⑤⑤⑤
 


 ,
which imply H(f) = τ+τ−(f) = τ+(g) = h.
Since H ′ is cohomological and H ′(U) = H ′(T ) = 0 by assumption, we obtain
morphisms of exact sequences
0 H ′(KA) H
′(A) H ′(VA[1]) exact
0 H ′(KB) H
′(B) H ′(VB [1]) exact
// H
′(kA)// 0 //
H′(g)

H′(f)
 
//
H′(kB)
//
0
//
 
and
H ′(SKA [−1]) H
′(KA) H
′(ZKA) 0 exact
H ′(SKB [−1]) H
′(KB) H
′(ZKB ) 0 exact
0 //
H′(zKA )// //

H′(g)

H′(h)

0
//
H′(zKB )
// //
  .
These yield a commutative diagram
H ′(A) H ′(KA) H
′(ZKA) = EH(A)
H ′(B) H ′(KB) H
′(ZKB ) = EH(B)
H′(kA)
∼=
oo
H′(zKA )
∼=
//
H′(f)

H′(g)

H′(h)=EH(f)

H′(kB)
∼=oo
H′(zKB )
∼= //
  .
Thus if we put
ηA = H
′(zKA) ◦H
′(kA)
−1,
then η = {ηA}A∈C gives a natural isomorphism η : H
′
∼=
=⇒ E ◦H . 
In terms of the original problem (Problem 3.4), we obtain the following.
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Corollary 4.3. Let P = (U ,V) and P ′ = (U ′,V ′) be cotorsion pairs on C and C′,
respectively. Let F : C
≃
−→ C′ be a triangle equivalence. Then, the following are
equivalent.
(1) P is heart-equivalent to P ′ along F .
(2) H ′F (U) = H ′F (V) = 0 and HF−1(U ′) = HF−1(V ′) = 0 are satisfied.
Proof. This immediately follows from Proposition 4.2. 
5. A sufficient condition in general case
We return to the general case of twin cotorsion pairs. Let P = ((S, T ), (U ,V))
be a twin cotorsion pair on C. We start with some improvements of the results from
[N2].
The following gives a partial converse to Lemma 5.1 in [N2].
Proposition 5.1. Let S[−1]
e
−→ A
f
−→ B
g
−→ S be a distinguished triangle with
S ∈ S. Then,
H(S[−1])
H(e)
−→ H(A)
H(f)
−→ H(B)→ 0
is a cokernel sequence in H/W.
Proof. By the adjoint property of τ+, it is enough to show that the sequence
(5.1)
0→ (C/W)(τ−(B), Y )
−◦τ−(f)
−→ (C/W)(τ−(A), Y )
−◦τ−(e)
−→ (C/W)(τ−(S[−1]), Y )
is exact for any Y ∈ C+.
Take a coreflection triangle
VB KB B VB[1]
TB

// kB // vB //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎
and complete vB ◦ f : B → VB [1] into a distinguished triangle
VB → L
ℓ
−→ A
vB◦f
−→ VB [1].
By the octahedron axiom, we obtain a diagram
S[−1] L KB
A
B
VB[1]



s ..❪❪❪❪❪❪❪❪ h ..❪❪❪❪❪❪
e
$$❏
❏❏
❏❏
❏❏
❏
ℓ
✘✘
✘✘
f
&&▼▼▼
✘✘
✘✘
✘✘
✘✘
kB
✞✞
✞✞
✞✞
✞
vB✄✄
✄✄
✄✄
✄
in which
S[−1]→ L→ KB → S, S[−1]→ A→ B → S,
L→ A→ VB [1]→ L[1], KB → B → VB [1]→ KB[1]
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are distinguished triangles. Then by Fact 2.13, KB ∈ C
− implies L ∈ C−, and thus
VB L A VB[1]
TB

// ℓ // vB◦f //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎
becomes a coreflection triangle. Thus we may assume τ−(f) = h. Since S[−1] ∈
S[−1] ⊆ C−, we may also assume τ−(e) = s.
(1) Let X ∈ C be any object, and let x ∈ C(L,X) be any morphism. If x satisfies
x ◦ s = 0, then x ◦ s factors through some W ∈ W as follows.
S[−1] L KB
W X
s // h //

x

//

Since C(S[−1],W ) = 0 it follows x ◦ s = 0, and thus x factors through h.
(2) Let Y ∈ C+ be any object, and let y ∈ C(KB, Y ) be any morphism. Decom-
pose Y into a distinguished triangle
VY →WY
wY−→ Y
vY−→ VY [1]
satisfying VY ∈ V ,WY ∈ W . If y satisfies y ◦ h = 0, then y ◦ h factors through wY
as follows.
L KB S
WY Y VY [1]
h // //

y

wY
//
vY
//

Thus vY ◦ y should factor through some morphism S → VY [1]. However, since
C(S, VY [1]) = 0, this implies vY ◦ y = 0. Thus y factors through wY , which means
y = 0.
Exactness of (5.1) follows from (1) and (2). 
Proposition 5.2. Let C[−1] → A
f
−→ B
g
−→ C be a distinguished triangle. Sup-
pose C admits a coreflection triangle
V S C V [1]
T

// // //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎☎
satisfying S ∈ S. Then, H(f) is epimorphic in H/W.
Proof. Take a coreflection triangle
VB KB B VB [1]
TB

// kB // //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎
.
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Remark that H(kB) is isomorphic. Then, we obtain the following commutative
diagram by (the dual of) Remark 2.11.
KB S
A B C
T
VB[1] V [1]
h //
kB
 f // g //
$$■
■■■
zz✉✉✉ 
//

 
If we complete h into a distinguished triangle
S[−1]→ L
ℓ
−→ KB
h
−→ S,
then we have a commutative diagram
S[−1] L KB S
C[−1] A B C
// ℓ // h //

a

kB
 
//
f
// //
   .
By Proposition 5.1, H(ℓ) is epimorphic. Thus H(f) ◦H(a) = H(kB) ◦H(ℓ) also
becomes epimorphic. This implies H(f) is epimorphic. 
Proposition 5.3. For any object C ∈ C, the following are equivalent.
(1) H(C) = 0 and C ∈ S ∗ V [1].
(2) τ−(C) ∈ U/W and C ∈ S ∗ V [1].
(3) C admits a coreflection triangle
V S C V [1]
T

// // //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎☎
satisfying S ∈ S.
Proof. The equivalence (1)⇔ (2) follows from Proposition 2.17. Suppose (3) holds.
This implies τ−(C) ∼= S ∈ U/W , and also C ∈ S ∗ V [1].
Conversely, suppose (2) holds. By τ−(C) ∈ U/W , this C admits a coreflection
triangle
V U C V [1]
T

// // //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎☎
satisfying U ∈ U . By C ∈ S ∗ V [1], it can be also decomposed into a distinguished
triangle
V0 → S → C → V0[1]
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satisfying S ∈ S, V0 ∈ V . Then by C(U, V0[1]) = 0, we obtain the following commu-
tative diagram.
V [1]CUV
T
V0[1]CSV0
//////
!!❇
❇❇
❇AA✄✄✄✄

//////


This gives the following coreflection triangle, and thus (3) holds.
V0 S C V0[1]
T

// // //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎☎

Corollary 5.4. Let C[−1]
e
−→ A
f
−→ B
g
−→ C be a distinguished triangle. Suppose
C satisfies H(C) = 0 and C ∈ S ∗ V [1]. Then,
H(C[−1])
H(e)
−→ H(A)
H(f)
−→ H(B)→ 0
becomes a cokernel sequence in H/W.
Proof. By Proposition 5.2, the morphism H(f) is epimorphic.
Take a coreflection triangle
V S C V [1]
T

// k // //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎☎
satisfying S ∈ S. If we complete s = −e ◦ k[−1] into a distinguished triangle
S[−1]
s
−→ A
d
−→ D → S,
then by the octahedron axiom, we obtain a commutative diagram
S[−1]
C[−1]
V
A
D
B



−k[−1]
✦
✦✦
✦✦
✦✦
✦
✦✦
✦✦
✦✦
✦
s
✿
✿✿
✿✿
✿✿
e
33❤❤
d 
❀❀❀
f 44✐✐✐✐✐✐✐✐✐✐
<<③③③③③③③③③
h
>>⑥⑥⑥⑥⑥⑥⑥⑥
in which
S[−1]→ A→ D → S, S[−1]→ C[−1]→ V → S,
C[−1]→ A→ B → C, V → D → B → V [1]
are distinguished triangles.
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Applying Proposition 5.1 and its dual to the triangles
S[−1]
s
−→ A
d
−→ D → S,
S[−1]
−k[−1]
−→ C[−1]→ V → S,
V → D
h
−→ B → V [1],
we obtain exact sequences
H(S[−1])
H(s)
−→ H(A)
H(d)
−→ H(D)→ 0 exact,
H(S[−1])
−H(k[−1])
−→ H(C[−1])→ 0 exact,
0→ H(D)
H(h)
−→ H(B) exact.
These form a commutative diagram
H(S[−1])
H(C[−1])
0 0
H(A)
H(D)
H(B)
0
−H(k[−1])


H(s)
&&▲▲
▲▲▲
▲▲▲
▲▲
H(e)
//
H(d)
%%❑❑
❑
H(f) //
55❧❧❧❧
H(h)
77♦♦♦♦
&&◆◆
◆


,
which implies the exactness of
H(C[−1])
H(e)
−→ H(A)
H(f)
−→ H(B).
Together with the epimorphicity of H(f), we obtain the conclusion. 
Corollary 5.4 gives a sufficient condition for Problem 3.8.
Corollary 5.5. Let P = ((S, T ), (U ,V)) and P ′ = ((S ′, T ′), (U ′,V ′)) be twin co-
torsion pairs on C. If they satisfy the conditions
H ′(U) = H ′(T ) = 0
and
S ⊆ S ′ ∗ V ′[1], V ⊆ S ′[−1] ∗ V ′,
then E = H
′
◦ ι : H/W → H′/W ′ satisfies E ◦H ∼= H ′.
Proof. For each object A ∈ C, choose a reflection triangle
(5.2) SA[−1] A ZA SA
UA

sA // zA // //
✿
✿✿
✿✿
BB☎☎☎☎☎☎
and a coreflection triangle
VA KA A VA[1]
TA

// kA // //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎
.
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Similarly as in the proof of Proposition 4.2, it suffices to show that H ′(zA) and
H ′(kA) become isomorphisms in H
′/W ′.
By assumption, SA satisfies H
′(SA) = 0 and SA ∈ S
′ ∗ V ′[1]. Thus, applying
Corollary 5.4 to (5.2), we obtain a cokernel sequence
H ′(SA[−1])
H′(sA)
−→ H ′(A)
H′(zA)
−→ H ′(ZA)→ 0.
Since H ′(sA) factors through H
′(UA) = 0, this means H
′(zA) is an isomorphism.
Dually, we have a kernel sequence
0→ H ′(KA)
H′(kA)
−→ H ′(A)
0
−→ H ′(VA[1]),
which means H ′(kA) is an isomorphism. 
If we rephrase this in the setting of Problem 3.4, we obtain the following.
Theorem 5.6. Let P = ((S, T ), (U ,V)) and P ′ = ((S ′, T ′), (U ′,V ′)) be twin co-
torsion pairs on C and C′. Let F : C
≃
−→ C′ be a triangle equivalence. If P and P ′
satisfy the conditions
(A) H ′F (U) = H ′F (T ) = 0, HF−1(U ′) = HF−1(T ′) = 0,
(B) F (S) ⊆ S ′ ∗ V ′[1], F (V) ⊆ S ′[−1] ∗ V ′,
(C) F−1(S ′) ⊆ S ∗ V [1], F−1(V ′) ⊆ S[−1] ∗ V,
then P is heart-equivalent to P ′ along F .
Proof. This follows immediately from Corollary 5.5. 
6. An application
In the rest, we assume the following.
Assumption 6.1.
(1) C is k-linear for some field k, and has a Serre functor S.
(2) D ⊆ C is a functorially finite rigid subcategory, closed under isomorphisms,
finite direct sums and summands.
(3) (U ′,V ′) is a cotorsion pair satisfying D ⊆ U ′.
(4) U = µ−1(U ′;D) = (D ∗ U ′[1]) ∩ ⊥D[1].
(5) U ′ = µ(U ;D) = (U [−1] ∗ D) ∩ D[−1]⊥.
(6) (⊥U [1],U) is a cotorsion pair.
And, additionally,
(7) U ⊆ D[−1]⊥.
(8) U ′ ⊆ ⊥D[1].
Remark that (7) and (8) are automatically satisfied if C is 2-Calabi-Yau.
Proposition 6.2. Put F = S◦ [−2] : C
≃
−→ C. With the above assumption, the twin
cotorsion pair ((⊥U [1],U), (⊥D[1],D)) is heart-equivalent to ((D,D[−1]⊥), (U ′,V ′))
along F .
This recovers the following result in [MP].
Fact 6.3. (Theorem 2.9 in [MP])
Assume C is a Krull-Schmidt k-linear Hom-finite triangulated category with a
Serre functor. Let T be a basic rigid object, and let
T = T ⊕R, T ′ = T ⊕R∗
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be direct sums in C, where R and R∗ are related by a distinguished triangle
R∗ → B → R→ R∗[1]
in which B ∈ addT , and B → R is a minimal right addT -approximation. Then
there is an equivalence
(
(addT ) ∗ (addT [1])
)
/addT ≃
(
(addT [−1]) ∗ (addT ′)
)
/addT ′.
Indeed, this equivalence follows from Proposition 6.2, if we put D = addT , U =
addT and U ′ = addT ′.
Proof. (of Proposition 6.2.) We confirm the conditions (A),(B),(C) in Theorem 5.6.
Obviously, we have
F (U) ⊆ F (⊥D[1]) = S(⊥D[−1]) = D[−1]⊥,
F−1(U ′) ⊆ F−1(D[−1]⊥) = S−1(D[1]⊥) = ⊥D[1],
and thus (A) is satisfied. It remains to show the following.
(B1) F (⊥U [1]) ⊆ D ∗ V ′[1].
(B2) F (D) ⊆ D[−1] ∗ V ′.
(C1) F−1(D) ⊆ ⊥U [1] ∗ D[1].
(C2) F−1(V ′) ⊆ ⊥U ∗ D.
[Confirmation of (B1)] This requires condition (8). Since F (⊥U [1]) = U [−1]⊥, it
is equivalent to show U [−1]⊥ ⊆ D ∗ V ′[1].
For any X ∈ U [−1]⊥, decompose it into a distinguished triangle
V ′X → U
′
X → X → V
′
X [1] (U
′
X ∈ U
′, V ′X ∈ V
′)
and then, U ′X into
U [−1]→ U ′X → D → U (U ∈ U , D ∈ D).
By X ∈ U [−1]⊥, we obtain a diagram
U ′X
D
U
X
V ′X [1]
P



✧
✧✧
✧✧
✧✧
✧
✧✧
✧✧
✧✧
❀
❀❀
❀❀
❀❀
33❤❤❤❤
✾
✾
44✐✐✐✐✐✐✐✐✐✐
;;①①①①①①①
>>⑥⑥⑥⑥⑥⑥⑥⑥
in which
U ′X → D → U → U
′
X [1], U
′
X → X → V
′
X [1]→ U
′
X [1],
U → V ′X [1]→ P → U [1], D → X → P → D[1]
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are distinguished triangles. Then for any U ′ ∈ U ′ and any u′ ∈ C(U ′, P ), the
diagram
U ′
V ′X [1] P U [1]
D[1]

u′

// //
✿
✿✿
✿✿
✿ BB☎☎☎☎☎
and the condition U ′ ⊆ ⊥D[1] together with C(U ′, V ′X [1]) = 0 show u
′ = 0. Namely
P belongs to U ′⊥ = V ′[1], and thus it follows X ∈ D ∗ V ′[1].
[Confirmation of (B2)] We have
C(U ′[−1], F (D)) = C(U ′[−1],S(D[−2])) ∼= C(D[−2],U ′[−1])∨
∼= C(D[−1],U ′)∨ = 0.
This means F (D) ⊆ V ′. Here, (−)
∨
denotes the k-dual.
[Confirmation of (C1)] We have
C(F−1(D),U [1]) ∼= C(D[2],S(U [1])) ∼= C(U [1],D[2])∨
∼= C(U ,D[1])∨ = 0.
This means F−1(D) ⊆ ⊥U [1].
[Confirmation of (C2)] This requires condition (7). Since F−1(V ′) = F−1(U ′[−1]⊥) =
⊥U ′[1], it is equivalent to show ⊥U ′[1] ⊆ ⊥U ∗ D.
For any X ∈⊥ U ′[1], decompose it into a distinguished triangle
QX → X → UX → QX [1] (QX ∈
⊥U , UX ∈ U)
and then, UX into
D → UX → U
′[1]→ D[1] (D ∈ D, U ′ ∈ U ′).
By X ∈ ⊥U ′[1], we obtain a diagram
R QX U ′
X
D
UX



..❪❪❪❪❪❪❪❪❪ ..❪❪❪❪❪❪
$$❏
❏❏
❏❏
❏❏
❏❏
✘✘
✘✘
&&▼▼
✘✘
✘✘
✘✘
✘✘
✞✞
✞✞
✞✞
✞✞
✄✄
✄✄
✄✄
✄
in which
R→ QX → U
′ → R[1], R→ X → D → R[1],
QX → X → UX → QX [1], U
′ → D → UX → U
′[1]
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are distinguished triangles. Then for any U ∈ U and any u ∈ C(R,U) the diagram
D[−1]
U ′[−1] R QX
U

✿
✿✿
✿✿
✿BB☎☎☎☎☎
// //
u

and the condition U ⊆ D[−1]⊥ shows u = 0. Namely R belongs to ⊥U , and thus
we have X ∈ ⊥U ∗ D. 
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